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Based on analytical results obtained in the frequency domain,
modal approximation techniques are employed to derive transfer
function and state space models applicable to a pressure input-
flow rate output causality case of a transmission line. The causal-
ity case considered here arises while modeling short connection
lines to hydraulic accumulators. However, the modal approxima-
tion results presented apply also to other cases where the linear
friction model is considered applicable. It is highlighted that the
results presented can reduce the overall order of the hydraulic
system model containing the transmission line being considered.
�DOI: 10.1115/1.1978913�

1 Introduction
For the study of hydraulic fluid transients in transmission lines,

various modeling techniques have been proposed �1–4�. Most of
the available analyses have been done in the frequency domain,
including extensive results for the “exact” dissipative model �3,4�.
For system level simulations and analytical studies of hydraulic
systems, time domain solutions of the governing conservation
equations are often desirable. For this purpose, modal approxima-
tion of the analytical frequency domain solutions offers an alter-
native technique to direct numerical solutions �5–7�.

The one-dimensional distributed parameter model of a fluid
transmission line, shown schematically in Fig. 1, can be expressed
by the so-called four-pole equations that relate the upstream pres-
sure pu and flow rate qu with the downstream pressure pd and flow
rate qd expressed in the Laplace domain �Viersma �3��. The four
pole equations can take one of four causal forms �2�. The modal
approximations for two of the four causal forms have been treated
by Yang and Tobler �6� and Van Schothorst �7�. Yang and Tobler
considered the causal form with �Pu�s�Qd�s��T as input and
�Pd�s�Qu�s��T as output while Van Schothorst dealt with the causal
form with �Qu�s�Qd�s��T as input and �Pu�s�Pd�s��T as output. The
third causal form with �Pd�s�Qu�s��T input and �Pu�s�Qd�s��T out-
put can be obtained by switching the convention for the direction
of the flow from the case treated by Yang and Tobler �6�.

This technical brief deals with the fourth causality case with
�Pd�s�pu�s��T input and �Qu�s�Qd�s��T output for hydraulic trans-
mission lines for which the linear friction model applies �those
with small dissipation number�. A typical application of this cau-
sality case is for modeling short connection lines to accumulators,
which have been shown to be very important for hydraulic system
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dynamics by Versma �3�. Figure 2 shows the schematic of such a
system, where a preferred integration causality assignment for the
accumulator and the use of the first causality case from Ref. �6�
for the sections of the main line, leads to the fourth case for the
short connection line to the accumulator. The double-headed ar-
rows in the figure indicate the input-output causality assigned to
each line element.

In the rest of this technical brief, both transfer function and
state space descriptions of the modal approximation for the fourth
causality case are derived and simplifications are presented.

2 Transmission Line Model
The causal four-pole equation with upstream and downstream

pressures as inputs and upstream and downstream flow rates as
outputs has the following form:

�Qu�s�
Qd�s� � = �

cosh ��s�
Zc�s�sinh ��s�

−
1

Zc�s�sinh ��s�
1

Zc�s�sinh ��s�
−

cosh ��s�
Zc�s�sinh ��s�

��Pu�s�
Pd�s� � �1�

The expressions for the line characteristic impedance Zc�s� and
the propagation operator ��s� depend on whether the basic model
chosen is the lossless model, the linear friction model, or the
dissipative model �2�. The linear friction case is considered here.
Using the normalized Laplace operator s̄=s /�c, where �c=� /rh

2 is
the viscosity frequency, the propagation operator ��s̄�, and the
line characteristic impedance Zc�s̄� for the linear friction model
are given, respectively, by

��s̄� = Dns̄	1 +
8

s̄
, �2�

Zc�s̄� = Z0	1 +
8

s̄
�3�

The dissipation number Dn and the line impedance constant are
given, respectively, by

Dn =
l�

crh
2 , �4�

Z0 =
�c

A
�5�

where c is the speed of sound in the fluid given by

c =	�e

�
�6�

The effective bulk modulus of the fluid �e takes into account the
flexibility of the wall of transmission line, compressibility of the
fluid and also of any entrapped air.

In the following, the modal approximation for Eq. �1� is derived
using a method similar to the one described in Ref. �6�. The goal
is to represent each of the transcendental transfer functions in Eq.
�1� as finite sum approximations of low-order polynomial transfer
functions. To this end, the following result from Oldenburger and
Goodson �9� is used:

sinh ��s̄� = ��s̄�

i=1

� �1 +
�2�s̄�
Dn

2�2
si
� , �7�

where

�si =
i�

Dn
, i = 1,2,3,… �8�

The approach is to use the result in Eq. �7� to find the poles of the

individual transcendental transfer functions in Eq. �1� and then use
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partial fraction expansions to obtain the modal approximations.
First, the zeroes of the transfer function Zc�s̄�sinh ��s̄� are com-
puted using Eqs. �2�, �3�, and �7�

Zc�s̄�sinh ��s̄� = Z0Dn�s̄ + 8�

i=1

� �1 +
�2

Dn
2�si

2 � = 0

⇔ s̄ = − 8 ∨ s̄ = − 4 ± 	16 − �si
2 , i = 1,2,3,…

�9�

Note that these zeroes are the poles of the original transfer func-
tions in Eq. �1� and at the pole s̄=−8, ��s̄�=0, cosh ��s̄�=1
and sinh ��s̄�=0. At the pole pairs s̄=ai±bi= s̄

=−4±	16−�si
2 ,

cosh ��s̄� = cosh�± jDn�si� = cosh�± j�i� = cos��i�

= �− 1�i, i = 1,2,3, . . . .
Note that all of the poles are simple poles �8�. The general partial
fraction expansion takes the form

f�s̄� =
g�s̄�
h�s̄�

=
R0

s̄ + 8
+ 


i=1

� � Ri

s̄ − �ai + bi�
+

Gi

s̄ − �ai − bi�
� �10�

The coefficient R0 can be computed using

R0 = lim
s̄→−8

f�s̄��s̄ + 8� �11�

The coefficients Ri and Gi are better computed using residues
since the numerator and denominator functions are analytic at the
respective poles s̄=ai±bi,

Ri,Gi = Re s�f�s̄��� s̄ = ai ± bi =
g�s̄�
h��s̄�

� s̄ = ai ± bi �12�

Once these residues are computed, the following observation
applies:

Fig. 1 One-dimensional fluid transmission line
Fig. 2 Schematic of an application for
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Ai

s̄ − �ai + bi�
+

Bi

s̄ − �ai − bi�
=

�Ai + Bi��s̄ − ai� + �Ai − Bi�bi

�s̄ − ai�2 − bi
2

�13�

The denominator in Eq. �13� simplifies to the quadratic �s̄2+8s̄
+�si

2 �.

3 Modal Representation of 1/Zc„s̄…sinh �„s̄… and
cosh �„s̄… /Zc„s̄…sinh �„s̄…

The above-presented results will now be used to determine the
modal representation for each of the two unique elements of the
transfer matrix in Eq. �1�. First, consider the element f�s̄�
=1/Zc�s̄�sinh ��s̄�. Using Eqs. �2� and �3� in Eq. �11� together
with the comments following Eq. �9�, the coefficient R0 is com-
puted as

R0 = lim
s̄→−8

�s + 8�
1

Z0Dn�s̄ + 8�

i=1

� �1 +
�2�s̄�
Dn

2�si
2 �

=
1

Z0Dn
�14�

For the other coefficients, note that

Re s� 1

Zc�s̄�sinh ��s̄�� s̄=ai±bi

= � 1

Zc��s̄�sinh ��s̄� + Zc�s̄����s̄�cosh ��s̄�� s̄=ai±b

, �15�

where it can be shown that

Zc��s̄� =
− 4Z0

s̄2	1 +
8

s̄

�16�

and

���s̄� =
Dn

2

��s̄�
�s̄ + 4� �17�

Using Eqs. �2�, �3�, �16�, and �17� and the notes following Eq. �9�,
Eq. �15� can be evaluated as
the causality case considered here
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Ri,Gi = Re s� 1

Zc�s̄�sinh ��s̄��s=ai±bi

=
− �1�i�− 4 ± 	16 − �si

2 �

±Z0Dn
	16 − �si

2

�18�
Substituting Eq. �18� into Eq. �13� and using the result together
with Eq. �14� in Eq. �10�, and simplifying the expression, the
following modal representation results for 1 /Zc�s̄�sinh ��s̄�:

1

Zc�s̄�sinh ��s̄�
=

1

Z0Dn
� 1

s̄ + 8
+ 


i=1

�
�− 1�i2s̄

s̄2 + 8s̄ + �si
2 � �19�

For the other unique element of the transfer matrix f�s̄�
=cosh ��s̄� /Zc�s̄�sinh ��s̄� , R0 is computed as

R0 = lim
s̄→−8

�s̄ + 8�
cosh ��s̄�

Z0Dn�s̄ + 8�

i=1

� �1 +
�2�s̄�
Dn

2�si
2 �

=
1

Z0Dn
�20�

Using Eqs �2�, �16�, and �17�, and the notes following Eq. �9�

Ri,Gi = Re s� cosh ��s̄�
Zc�s̄�sinh ��s̄�� s̄=ai±bi

= � cosh ��s̄�
Zc��s̄�sinh ��s̄� + Zc�s̄����s̄�cosh ��s̄�� s̄=ai±bi

=
− 4 ± 	16 − �si

2

±Z0Dn
	16 − �si

2
�21�

Finally, using Eq. �13� with Ri and Gi from Eq. �21� and substi-
tuting the result together with Eq. �20� into Eq. �10� and simpli-
fying the expression, the modal representation for
cosh ��s̄� /Zc�s̄�sinh ��s̄� results,

cosh ��s̄�
Zc�s̄�sinh ��s̄�

=
1

Z0Dn
� 1

s̄ + 8
+ 


i=1

�
2s̄

s̄2 + 8s̄ + �si
2 � �22�

4 Modal Approximation
Using Eqs. �19� and �22�, the four-pole equation �1� can be

re-written as

�Qu�s̄�
Qd�s̄�

� =
1

Z0Dn�s̄ + 8�
�1 − 1

1 − 1
��Pu�s̄�

Pd�s̄�
�

+
2s̄

Z0Dn�s̄2 + 8s̄ + �si
2 �
i=1

� � 1 − �− 1�i

�− 1�i − 1
��Pu�s̄�

Pd�s̄�
�

�23�
It should be noted that unlike the causality case treated in Ref. �6�,
where only quadratic terms appear in the modal representation,
the case treated here contains a first-order lag term in addition to
the quadratic modes. This will have an implication in the simpli-
fication of the final result.

The modal approximation is obtained by truncating the summa-
tion in Eq. �23� to a finite number of terms. Figure 3 shows a Bode
plot for the element �1,1� of the exact transfer matrix given in Eq.
�1�, and the modal approximation taken from Eq. �23� with the
first-order term only, the approximation with the first-order plus
one second-order term and the approximation with the first-order
plus two second-order terms included in the summation. Figure 4
shows the same information for element �2,1� of the transfer ma-
trix given in Eq. �1�. The overall number of terms to be included
in the approximation depends on the application’s frequency re-
gime of interest.

It can be seen from Figs. 3 and 4 that for a wide range of
4
normalized frequency �of the order of 10 � the model given by Eq.
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�1� can be approximated by the first-order lag term only. This
observation implies that for a typical circular sectioned line with a
fluid viscosity of 44 cSt and a line diameter of 3 cm, the line can
be considered as a low-pass filter with a break frequency of about
2 Hz provided the overall frequency regime of interest for the
application lies below 311 Hz. In this manner, the order of the
system to which the transmission line belongs can be reduced
significantly.

5 State Space Representation of the Modal Approxi-
mation

For time domain simulations, convenient state space forms can
be derived for the approximation. Unlike the causality case treated
by Van Schothorst �7�, the block observer/observability canonical
form does not lead to a minimum order realization for the causal-
ity case treated here. Instead, the following minimal state space
formulation is derived by inspection from the modal transfer func-
tions in Eq. �23�:

Fig. 3 Comparison of the modal approximation for element
„1,1… in Eq. „1…

Fig. 4 Comparison of the modal approximation for element

„2,1… in Eq. „1…
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1

�c
ẋi = Aixi + Biu, i = 0,1,2,3,… , �24�

yi = Cixi, i = 0,1,2,3,… �25�

The input and the output vectors are

u = �pu

pd
� �26�

y = �qu

qd
� = 


n=1

n

yi = 

n=1

n

Cixi �27�

The coefficient matrices are, for the first-order mode �i=0�

A0 = �− 8 0

0 − 8
�, B0 =

1

Z0Dn
�1 − 1

1 − 1
�, C0 = �1 0

0 1
�

�28�

and for the second-order modes �i=1,2,3,…�

Ai = �0 − �si
2

1 − 8
�, Bi =

2

Z0Dn
�0 0

1 − �− 1�i �, Ci = �0 1

1 �− 1�i �
�29�

For an n-mode approximation, the state equations can be aug-
mented diagonally as follows:

1

�c
ẋ = Ax + Bu, �30�

y = Cx, �31�

where the augmented state vector and the coefficient matrices are

x = �x1 x2 x3 ¯ xn�T

A = diag�A1 A2 A3 ¯ An�

B = �B1 B2 B3 ¯ Bn�T

C = �C1 C2 C3 ¯ Cn� �32�

The modal state vectors xi describing the second-order modes do
not have a simple interpretation of partitioned �modal� output like
the causality cases treated in Ref. �6,7� since the modal output
matrices in Eq. �29� are not identity matrices. This should not
cause any problems as long as the model is properly interfaced
with connecting subsystems with the input and output vectors
given above. It should also be noted that as long as the first-order
mode is included in the approximation, the steady state value of
the truncated approximation of Eq. �23� with a finite number of
modes is the same as that of exact equation, Eq. �1�. Unlike the
causality cases treated in Refs. �6,7�, there is no need to apply
steady-state corrections to the approximation to offset the error of
truncation. This implies that in hydraulic system modeling, when-
ever the causality assignment of the whole system permits it, the
causality form given by Eq. �1� with the modal approximation
given in this paper offers better handling of steady-state response.

The state space description chosen above for the first-order
mode has a simple interpretation: the state variables are the parti-
tioned �modal� outputs. For a range of normalized low frequency,
the inclusion of only the first-order term in the approximation of
Eq. �23� leads to the following relation for the upstream and
downstream flow rates:

Qu�s� = Qd�s� =
�Pu�s� − Pd�s��

Ls + R
�33�

where the L and R are the lumped inertance and resistance of the

line given, respectively, by
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L =
�l

A
�34�

and

R =
8�lv

Arrh
2 �35�

Therefore, for short connection lines or when Dn	0.001 for
which the linear friction model applies �6�, the transmission line
model given by Eq. �1� can be approximated by a simple series
combination of the lumped hydraulic inertance and resistance.
This result implies that any compressibility effects in the trans-
mission line are neglected for the causality case given by Eq. �1�
when a first-order approximation is used. When short connecting
lines to gas charged or spring loaded hydraulic accumulators are
modeled with this causality case, this result supports the usual
assumption that the oil side compressibility is negligible com-
pared to the gas/spring side.

6 Conclusion
In this paper, modal approximation methods are applied to one

causality case of the four-pole equations for which the upstream
and downstream pressures are inputs and the upstream and down-
stream flow rates are outputs. This causality case of the four-pole
equations is applicable to hydraulic transmission lines with a
small dissipation number, Dn	0.001, for which the linear friction
model is considered applicable. Both transfer function and state
space models are given that can be directly incorporated into hy-
draulic system models. As long as the first-order mode is included
in the approximation, no steady state correction measures are nec-
essary to offset the error of truncation to a finite number of modes.
It is also shown that for a wide range of frequencies the model can
be represented by a first-order lag term containing only the series
interconnection of the lumped hydraulic resistance and inertance
of the line.

Nomenclature
Ar 
 cross-sectional area

A ,B ,C 
 state, input and output matrices for augmented
model

ai ,bi 
 root components defined following Eq. �9�
Ai ,Bi ,Ci 
 state, input and output matrices for ith mode

c 
 speed of sound
Dn 
 dissipation number

f ,g ,h 
 dummy functions of s or S̄
i 
 integer mode index �i=0, 1,2,3,…�
j 
 	−1 imaginary constant
l 
 length of line

L 
 line hydraulic inertance
pw , pd 
 upstream and downstream pressures in time

domain
Pw , Pd 
 upstream and downstream pressures in Laplace

domain
qw ,qd 
 upstream and downstream flow rates in time

domain
Qu ,Qd 
 upstream and downstream flow rates in

Laplace domain
R 
 line hydraulic resistance
rh 
 hydraulic radius

Ri,Gi 
 residues in partial fraction expansion
s 
 Laplace operator
s̄ 
 normalized Laplace operator s̄=s /�c
u 
 input vector defined by Eq. �26�
x 
 dummy variable
x 
 state vector for augmented model
xi 
 modal state vector for ith mode

y 
 output vector defined by Eq. �27�
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yi 
 output vector for ith mode
Z0 
 line impedance constant
Zc 
 line characteristic impedance
�e 
 effective bulk modulus
� 
 propagation operator

�si 
 root indices defined by Eq. �8�
� 
 density
� 
 kinematic viscosity

�c 
 viscosity frequency �c=� /rh
2

� 
 frequency in rad/s
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